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OPEN BOOK DECOMPOSITIONS FOR CONTACT STRUCTURES ON
BRIESKORN MANIFOLDS
OTTO VAN KOERT AND KLAUS NIEDERKRU¨GER
Abstract. In this paper, we give an open book decomposition for the contact structures on
some Brieskorn manifolds, in particular for the contact structures of Ustilovsky. The decompo-
sition uses right-handed Dehn twists as conjectured by Giroux.
0. Introduction
At the ICM of 2002 Giroux announced some of his results concerning a correspondence between
contact structures on manifolds and open book structures on them. In one direction this corre-
spondence is relatively easy. We are given a compact Stein manifold P (i.e. a compact subset of
a Stein manifold where the boundary is a level set of a plurisubharmonic function on it) and a
symplectomorphism ψ of P that is the identity near the boundary of P . It can be shown that this
symplectomorphism gives rise to a mapping torus that inherits a contact structure. Furthermore
the boundary of the mapping torus will always look like S1× ∂P , and the binding, D2× ∂P with
the obvious contact structure, can be glued in to give a compact contact manifold.
Although Giroux announced much more than just this, it is already interesting to see how this
construction turns out in a few simple cases. As a Stein manifold we will take T ∗Sn−1 with its
canonical symplectic form. The symplectomorphisms used for the monodromy of the mapping
torus will be so-called generalized Dehn twists. Seidel has shown [Sei] that these Dehn twists
generate the symplectomorphism group of T ∗S2 up to isotopy. Furthermore his results show that
Dehn twists of T ∗S2 are of order 2 diffeomorphically, but not symplectically. This means that
many of these Dehn twists are isotopic to each other, but not symplectically so.
In the spirit of the above construction, we will show that the Brieskorn manifold W 2n−1k (for
notation and definition see Section 2) is supported by an open book whose monodromy is given by
a k-fold Dehn twist. In particular this shows that the Ustilovsky spheres (special Brieskorn spheres
with non-isomorphic contact structures) can all be written in terms of open book decompositions
with Dehn twists as their monodromy. It also shows that Dehn twists cannot be of order 2 in all
dimensions (this is well known for n even). Namely, among the Brieskorn spheres (these correspond
to n and k odd) are exotic spheres as well as standard ones. As the binding is always glued in
in the same way, the Dehn twists corresponding to a standard and an exotic sphere cannot be
isotopic relative to the boundary.
Acknowledgements. The authors would like to thank F. Bourgeois and H. Geiges for their helpful
comments on this paper.
1. Notation & Definitions
1.1. Open books. The following definitions are taken from [Gir02].
Definition 1. An open book on a closed manifold M is given by a codimension-2 submanifold
B →֒ M with trivial normal bundle, and a bundle ϑ : (M − B) → S1. The neighborhood of B
should have a trivialization B ×D2, where the angle coordinate on the disk agrees with the map
ϑ.
The manifold B is called the binding of the open book and a fiber P = ϑ−1(ϕ0) is called a
page.
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Remark. The open set M − B is a bundle over S1, hence it is diffeomorphic to R× P/ ∼, where
∼ identifies (t, p) ∼ (t+ 1,Φ(p)) for some diffeomorphism Φ of P .
Definition 2. A contact structure ξ = kerα on M is said to be supported by an open book
(B, ϑ) of M , if
(1) (B,α|TB) is a contact manifold.
(2) For every s ∈ S1, the page P := ϑ−1(s) is a symplectic manifold with symplectic form dα.
(3) Denote the closure of a page P in M by P¯ . The orientation of B induced by its contact
form α|TB should coincide with its orientation as the boundary of (P¯ , dα).
Such a contact form is said to be adapted to (B, ϑ).
1.2. Dehn twists. A Dehn twist τk is a diffeomorphism from T
∗Sn−1 to itself constructed in
the following way. Write points in T ∗Sn−1 as (q,p) ∈ R2n with |q| = 1 and q ⊥ p.
Set
τk(q,p) =
(
cos gk(p) |p|−1 sin gk(p)
−|p| sin gk(p) cos gk(p)
)(
q
p
)
Here gk(p) = πk + fk(|p|) and fk is a smooth function that increases monotonically from 0 to
πk on an interval that will be specified later. Outside this interval, fk will be identically equal to
0 or πk. Though the details do not matter for the Dehn twist itself, our computations will turn
out to put some constraints on fk.
For small |p|, the map τk equals (−1)k id, while for large |p| it equals the identity map.
Definition 3. The map τk (k ∈ N) is called a k-fold right-handed Dehn twist. The map τ−k
is called a k-fold left-handed Dehn twist.
We will now construct a mapping torus of T ∗Sn−1 using these Dehn twists following the con-
struction of Giroux and Mohsen [GM]. The canonical 1-form λcan = p · dq on T ∗Sn−1 transforms
like
τ∗kλcan = λcan + |p| d
(
fk(|p|)
)
.
Note that the difference λcan− τ∗kλcan is exact. This implies in particular that the Dehn twists are
symplectomorphisms of (T ∗Sn−1, dλcan). As a primitive of this difference λcan − τ∗kλcan we take
hk(|p|) := 1−
∫ |p|
0
sf ′k(s)ds.
Note that hk can assumed to be positive by choosing a suitable interval where fk increases.
To be more explicit, choose a smooth function f that is identically 0 on the interval [0, 1], on
the interval [1, 2] it increases monotonically from 0 to 1 and f is identically 1 on the interval
[2,∞). Furthermore, we may assume that the derivative f ′ is bounded by 2. Then we can take
fk(x) := kπf(ckx) with ck > 3kπ. We have∫ |p|
0
sf ′k(s)ds ≤
∫ ∞
0
kπcksf
′(cks)ds ≤ kπ
∫ ∞
0
yf ′(y)dy/ck ≤ kπ
ck
∫ 2
1
y2dy =
3kπ
ck
,
where we have substituted y = cks and used that f
′(y) = 0 outside the interval [1, 2] and that
f ′ is bounded by 2. Our choice of ck insures that this integral is indeed smaller than 1, so hk is
positive. Consider the map
ϕk : R× T ∗Sn−1 −→ R× T ∗Sn−1,
(t;q,p) 7−→ (t+ hk(|p|); τk(q,p)).
This map preserves the contact form dt + λcan on R× T ∗Sn−1, so we obtain an induced contact
structure on R× T ∗Sn−1/ϕk.
To make computations more convenient, we construct an additional intermediate mapping torus.
Let R × T ∗Sn−1/ ∼k be the mapping torus obtained by identifying (t;q,p) ∼k (t + 1; τk(q,p)).
We can define a diffeomorphism
R× T ∗Sn−1/ ∼k→ R× T ∗Sn−1/ϕk
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by sending (t;q,p) to (hk(|p|)t;q,p). The pull-back βk of the described contact form under this
diffeomorphism is given by
βk = hk(|p|)dt − t|p| d
(
fk(|p|)
)
+ λcan
.
2. Open books for the Brieskorn manifolds W 2n−1k
The Brieskorn manifoldsW 2n−1k ⊂ Cn+1 (with k ∈ N0) are defined as the intersection of the
sphere S2n+1 with the zero set of the polynomial f(z0, z1, . . . , zn) = z
k
0 + z
2
1 + · · ·+ z2n. To make
computations easier, assume that the radius of the (2n+ 1)-sphere is
√
2.
The orthogonal group SO(n) acts linearly onCn+1 by leaving the first coordinate of (z0, z1, . . . , zn)
fixed and multiplying the last n coordinates with SO(n) in its standard matrix representation, i.e.
A · (z0, z1, . . . , zn) := (z0, A · (z1, . . . , zn)). This action restricts to W 2n−1k , because the polynomial
f can be written as zk0 + ‖x‖2 − ‖y‖2 + 2i〈x|y〉 with x = (x1, . . . , xn) and y = (y1, . . . , yn).
Finally, the SO(n)-invariant 1-form
αk := k · (x0 dy0 − y0 dx0) + 2
n∑
j=1
(xj dyj − yj dxj)
is of contact type on W 2n−1k for all k ∈ N as was shown by Lutz and Meckert [LM76].
It is well-known that allW 2n−1k are (n−2)-connected and some of these Brieskorn manifolds are
spheres [Bri66], [HM68]. Ustilovsky [Ust99] showed that among them there are diffeomorphic but
non-contactomorphic manifolds. Namely if 2n− 1 = 1 mod 4, then all W 2n−1k with k = ±1 mod 8
are standard spheres with inequivalent contact structures.
In the remainder of this paper will we show that the contact structures on Brieskorn manifolds
W 2n−1k are supported by an open book whose monodromy is given by a k-fold Dehn twist. We
define the binding B of the open book by the set in W 2n−1k with z0 = 0. We have the fibration
ϑ : (W 2n−1k −B)→ S1, given by (z0, z1, . . . , zn) 7→ z0/|z0|.
2.1. The binding. The only stabilizers of the SO(n)-action on the Brieskorn manifold that occur
are SO(n− 1) and SO(n− 2). The projection onto the orbit space is given by
W 2n−1k −→ D2
(z0, z1, . . . , zn) 7−→ z0.
Points (z0, . . . , zn) lying over the interior of the disk (i.e. |z0| 6= 1) have principal stabilizer,
points over ∂D2 lie on singular orbits. The orbit B = Orb (0, 1, i, 0, . . . , 0) ∼= SO(n)/ SO(n − 2)
is the binding of the open book. It is naturally contactomorphic to W 2n−32 . In fact, W
2n−3
2 =
SO(n)/ SO(n − 2) is diffeomorphic to the unit sphere bundle S(T ∗Sn). This shows that part (1)
of Definition 2 is satisfied.
The symplectic normal bundle of the binding is trivial, because for k 6= 1 we have a symplectic
basis
1√
2k
(1, 0, . . . , 0),
1√
2k
(i, 0, . . . , 0),
and for k = 1 we have the basis√
2
5
(1,− z¯1
4
, . . . ,− z¯n
4
),
√
2
5
(i,− iz¯1
4
, . . . ,− iz¯n
4
).
The neighborhood theorem for contact submanifolds [Gei] then shows that there is a neighborhood
of the binding that is contactomorphic to (B×D2, αk|B+r2dϑ), where (r, ϑ) are polar coordinates
on the disk.
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2.2. The pages. In this section, we will prove that W 2n−1k − B is contactomorphic to R ×
T ∗Sn−1/ ∼k, the mapping torus of a k-fold Dehn twist.
The R-action on W 2n−1k −B, given by
eit(z0, z1, . . . , zn) = (e
itz0, e
ki
2
tz1, . . . , e
ki
2
tzn).
induces a diffeomorphism between the pages ϑ−1(1) and ϑ−1(eit).
Let us define an auxiliary mapping torus to make computations more convenient. Define
Mk := R× T ∗Sn−1/σk,
where
σk(t,q,p) = (t+ 1, (−1)kq, (−1)kp).
We will now give an explicit map to show that P is diffeomorphic to T ∗|p|<1S
n−1. Here T ∗|p|<1S
n−1
denotes the open unit disk bundle associated with the cotangent bundle of Sn−1. A point (q,p) ∈
T ∗Sn−1 ⊂ Rn × Rn with |q| = 1, |p| ≤ 1, and q ⊥ p is mapped to
(q,p) 7→
(
1− |p|2, F (|p|)p+ iG(|p|)q
)
with F (r) =
√
2−(1−r2)2−(1−r2)k
2r2 and G(r) =
√
2−(1−r2)2+(1−r2)k
2 .
Together with the R-action this gives a map
Φk : R× T ∗|p|<1Sn−1 −→ W 2n−1k
(t,q,p) 7−→
(
e2piit(1− |p|2), epikit(F (|p|)p+ iG(|p|)q)
)
.
This descends to a diffeomorphism of the subset of Mk with |p| < 1 to W 2n−1k − B. For k even,
one obtains Φk(t + 1,q,p) = Φk(t,q,p), so that W
2n−1
k − B ∼= S1 × T ∗|p|<1Sn−1, and for k odd,
one obtains Φk(t+1,q,p) = Φk(t,−q,−p), so that W 2n−1k −B is a non-trivial T ∗|p|<1Sn−1-bundle
over S1.
The pull-back of the contact form αk to Mk under Φk gives
Φ∗kαk = 2πk
(
(1− |p|2)2 + |p|2F 2 +G2) dt+ 4FGλcan = 4πk dt+ 4FGλcan.
Next, we construct a diffeomorphism Ψk from Mk to the mapping torus R × T ∗Sn−1/ ∼k by
defining
Ψk(t;q,p) =
[
t;q · cos (tfk(|p|))+ p|p| · sin (tfk(|p|)),p · cos (tfk(|p|))− |p|q · sin (tfk(|p|))
]
.
The map is well-defined, because Ψk ◦ σk(t;q,p) is identified with Ψk(t;q,p) in the mapping
torus R × T ∗Sn−1/ ∼k. In order to show that (W 2n−1k − B,αk) and (R × T ∗Sn−1/ ∼k, βk)
are contactomorphic, we will show that the pull-back of αk under Φk is contactomorphic to the
pull-back of βk under Ψk.
We now compute the pull-back of βk under Ψk, noting that the norm of p is invariant under
Ψk (we do not write the dependence of hk and fk on |p|):
Ψ∗kβk = hkdt− t|p|dfk + (p cos(tfk)− |p|q sin(tfk)) ·
(
dq cos(tfk)−
− q sin(tfk)(fkdt+ tdfk) + (dp|p| −
pd|p|
|p|2 ) sin(tfk) +
p
|p| cos(tfk)(fkdt+ tdfk)
)
.
Since we have p · q = 0 and |q|2 = 1, it follows that pdq = −qdp (recall that pdq = λcan)
and qdq = 0. We now use the standard trigonometric equalities and the fact that hk(y) =
1− yfk(y) +
∫ y
0 fk(s)ds to find
Ψ∗kβk =
(
1 +
∫ |p|
0
fk(s)ds
)
dt+ λcan.
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Note that Φ∗kαk has a very similar form. We make the following ansatz for a contactomorphism
of (Mk||p|<1,Φ∗kαk) to (Mk,Ψ∗kβk):
Sk : (t,q,p) 7→ (t,q, g(|p|)|p| p).
With this ansatz we find what p should map to in order to be a contactomorphism. Note that we
just rescale p. The pull-back under this map of Ψ∗kβk is given by(
1 +
∫ g(|p|)
0
fk(s)ds
)
dt+
g(|p|)
|p| λcan.
Since we want this to be a multiple of Φ∗kαk (we actually even seek equality), we need to solve the
following equation:
g(|p|)
1 +
∫ g(|p|)
0
fk(s)ds
=
|p|FG
kπ
.
Define an auxiliary function
h(y) :=
y
1 +
∫ y
0 fk(s)ds
.
The above equation becomes
h (g(|p|)) = |p|FG
kπ
.
We will solve for g(|p|) by inverting h. This can be done by the following considerations. The
derivative of h is given by
h′(y) =
1− ∫ y0 sf ′k(s)ds(
1 +
∫ y
0 fk(s)ds
)2 = hk(y)(
1 +
∫ y
0 fk(s)ds
)2
and is positive by our choice of hk in Section 1.2. Since this shows that h is strictly increasing, we
also observe that the function h maps [0,∞) to [0, 1
kpi
). This can be seen by noting that fk(s) = kπ
for s sufficiently large, again due to our choice of hk. It also means that h can be inverted when
restricted to a suitable range. One easily checks that the right-hand side of the above equation,
|p|FG
kpi
, has positive derivative and is therefore strictly increasing on the interval [0, 1). Moreover
it has the same range as h, namely [0, 1
kpi
). Therefore we can find a smooth solution to g(|p|) by
applying the inverse of h to |p|FG
kpi
.
This shows that the open book (B, ϑ) on W 2n−1k has page T
∗Sn−1 with monodromy given by
a k-fold Dehn twist. The contactomorphism that achieves this is
Ck := Φk ◦ S−1k ◦Ψ−1k : (R× T ∗Sn−1/ ∼k, βk)→ (W 2n−1k −B,αk).
Note that this contactomorphism also respects the projection to S1, because the S1-coordinate is
invariant under Ck.
2.3. The contact structure on W 2n−1k is supported by the open book. Part (1) of the
Definition 2 was already checked in Section 2.1. With our identification of the pages with T ∗Sn−1
and the fact that Ck respects the fibration, the other two parts follow easily. We have that dβk
restricts to dλcan on any page, so (T
∗Sn−1, dβk) is symplectic and therefore any page of ϑ on
W 2n−1k −B will also be symplectic with form dαk. This shows part (2).
Instead of showing property (3) directly, take a page P and find a copy of the binding in P .
We do the latter as follows. Take w0 ∈ C − {0} such that P = ϑ−1(w0/|w0|). Then define
Bw0 := {(z0, z1, .., zn) ∈ W 2n−1k | z0 = w0}. Note that Bw0 is contactomorphic to B if |w0| is
small enough and has therefore the same orientation induced by its contact form.
We can now regard Bw0 as the boundary of the compact page Pw0 by cutting off a part of P .
The computations are a little easier if we consider the inverse images of Bw0 and Pw0 under the
map Ck.
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The inverse image of Bw0 under Ck is the set{
w0
|w0|
}
× ScT ∗Sn−1 ⊂ R× T ∗Sn−1/ ∼k,
where ScT
∗Sn−1 denotes the associated circle bundle with radius c and the constant c is determined
by |w0|. Similarly, the trimmed page Pw0 is mapped to{
w0
|w0|
}
× T ∗|p|≤cSn−1.
This means that it suffices to check that the orientation of (ScT
∗Sn−1, λcan) induced by the
contact form coincides with its orientation as the boundary of (T ∗|p|≤cS
n−1, dλcan). This is done
by observing that p ∂
∂p
is a Liouville vector field for dλcan.
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